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Abstract. The compression of ice fields made up of thin floes is central to the processes
of ice jam formation in northern rivers, pressure ridge formation in northern seas, and the
dynamics of ice fields in Arctic and Antarctic marginal seas. This work describes the
results of computer simulations in which a floating layer of circular floes, confined in a
rectangular channel, is compressed by a pusher plate moving at a constant speed. The
accuracy of the simulations is assessed by comparison with a series of similar physical
experiments performed in a refrigerated basin. Following this comparison, the computer
model is used to perform an extensive series of simulations to explore the effect of
variations in channel length and width, the ratio of floe diameter to thickness, floe on floe
friction coefficients, and the distribution of floe diameters on the force required to
compress the floes. The results show that reducing the aspect ratio of the floes or
increasing the friction coefficient increases the force needed to compress the floes. Both
changes increase the force by changing the dominant failure mechanism in the layer of
floes from rafting to underturning. Increasing channel width reduced the compressive
force (per unit channel width) by reducing the relative importance of frictional drag at the
channel edges. Last, the results of a simulation using a distribution of floe diameters was
indistinguishable from those of a simulation using floes with a single diameter equal to the
average diameter of the distribution.

1. Introduction

The compression of ice fields made up of thin floes is central
to the processes of ice jam formation in northern rivers, pres-
sure ridge formation in northern seas, and the dynamics of ice
fields in Arctic and Antarctic marginal seas. Breakup ice jams
form from an intact ice cover broken into floes by river surges.
Freeze-up ice jams form from circular ice pans grown from
frazil ice. Ice jams occur at river bends, constrictions, and at
points of abrupt decrease in river slope. In northern seas,
pressure ridges form from fragmented ice fields compressed by
divergence of the wind field, inertia, or an onshore wind, which
drives the floes against the beach or landfast ice. In Arctic and
Antarctic marginal seas the presence of waves and frazil ice
causes the formation of circular pancake ice. Onshore winds
herd the ice pans against the coast or the landfast ice. Once an
ice jam, pressure ridge, or rubble field has been initiated,
subsequent thickening and growth under continued compres-
sion depends on the dynamics of the ice floe accumulation.

Ice jam and rubble thickening were first represented in nu-
merical models by assuming a passive pressure coefficient to
characterize ice rubble strength [Pariset et al., 1966; Uzuner and
Kennedy, 1976]. Recently, discrete element models (DEM)
have been used to simulate deformation processes occuring in
sea and river ice. In-plane deformation of circular floes has
been simulated using two-dimensional DEMs by Babic et al.
[1990], Hopkins and Hibler [1991], Loset [1994], and Sayed et al.
[1994]. Pressure ridge formation from compression of a field of

ice floes has been studied using two-dimensional (vertical
plane) DEMs by Hopkins et al. [1991]. However, in ice jams,
pressure ridges, and rubble fields the strength of the ice accu-
mulation depends on both out of plane thickening and inter-
action with lateral boundaries, which requires a three-
dimensional model.

In this work we use a newly developed three-dimensional
DEM, which uses disk-shaped floes [Hopkins et al., 1996], to
simulate the compression of a floating layer of circular ice floes
confined within a rectangular channel. On one side the floes
are compressed by a vertical plate moving at a constant speed.
The forces exerted by the ice on the pusher are calculated at
each time step. The results of the computer simulations are
compared with results from similar physical model experi-
ments performed in the refrigerated basin in the Ship Labo-
ratory at the Helsinki University of Technology. The channel
dimensions and important material parameters used in the
simulation were measured from the model experiments. After
verifying the simulation through direct comparison with model
experiments, we did further simulations to determine the ef-
fects of variations in channel length, channel width, floe aspect
ratio, friction coefficients, and distribution of floe diameters.

2. Mechanics of the Simulation
A discrete element model is a computer program that ex-

plicitly models the dynamics of a system of discrete particles. In
these simulations the particles are the individual ice floes. The
position, orientation, velocity and shape of each floe are stored
in arrays. At each time step, the contact and body forces on
each floe are calculated, and the floes are moved to new loca-
tions with new velocities that depend on the resultant of the
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forces. A detailed description of the mechanics of the simula-
tion used in this work is given in Hopkins et al. [1996]. The
important details are summarized here.

The ice floes in the simulations are flat disks with a circular
edge as shown in Figure 1. The floes are formed by dilating a
flat disk of radius R1 by a sphere with radius R2. In the dilation
process in mathematical morphology [Serra, 1986] the two-
dimensional circular disk is transformed into a three-
dimensional disk with thickness h 5 2 R2 and diameter d 5
2(R1 1 R2) by placing a sphere with radius R2 at every point
on the two-dimensional circular disk. The aspect ratio of the
floe d/h can be varied by changing R1 and R2. The top and
bottom surfaces of the floes are flat.

Contact detection, which is the crux of any discrete element
code, is handled by a new iterative method. The two-
dimensional circular disk of radius R1 at the core of each floe
is called a constraint surface. The external surface of the floe is,
at all points, a distance R2 from the constraint surface. When
two disks are found to be in proximity (by standard grid meth-
ods), a vector is arbitrarily placed with its head on the con-
straint surface of one floe and its tail on the constraint surface
of the other floe. This vector is modeled as an elastic band
whose ends are constrained to remain on the two constraint
surfaces. Pulled by its elasticity, the head and tail of the vector
move iteratively to locations on the constraint surfaces that
define the shortest distance between the two floes. If the length
of the vector is less than R2, then the floes are in contact. The

vector, which is perpendicular to the external surfaces of the
two floes, defines the normal to the contact surface.

Two types of contact between a pair of floes are shown in
Figures 1 and 2. The first type, shown in Figure 1, is a contact
between two circular edges. This type of contact, in which the
floes rotate downward, is characteristic of floe underturning.
The second type, shown in Figure 2, is a contact between two
flat surfaces. This type of contact, in which one floe slides over
the other, is characteristic of floe rafting. A third type of
contact between a circular edge and a flat surface is also mod-
eled but not shown.

Wherever two floes touch, the overlap is interpreted as a
deformation of the floes resulting in a contact force. The con-
tact force has components normal and tangential to the sur-
faces at the point of contact. The normal axis n is perpendic-
ular to the surface of each floe. The tangential axis t is in the
direction of the tangential component of the relative velocity at
the point of contact. The normal component of the contact
force is

Fn
n 5 knd 2 hV1/2 ? n (1)

The subscript n denotes the normal direction, the superscript
n denotes the current time step, kn is the normal contact
stiffness, d is the depth of overlap between the floes, h is the
normal contact viscosity, and V1/2 is the relative velocity of floe
1 with respect to floe 2 at the point of contact. A value of h
near critical damping is used to produce highly inelastic be-

Figure 1. Edge on edge contact between two floes, characteristic of floe underturning.

Figure 2. Flat surface on flat surface contact between two floes, characteristic of floe rafting.

HOPKINS AND TUHKURI: COMPRESSION OF FLOATING ICE FIELDS15,816



havior. Tensile forces are not modeled. The incremental
change in the tangential force due to friction is proportional to
the relative tangential velocity. The tangential force at time n is

F t
n 5 F t

n21 2 ktDt~V1/ 2 ? t!t (2)

where Dt is the time step and kt is the tangential contact
stiffness that is set to 60% of kn. The magnitude of kt affects
the rate at which the frictional force increases to the Coulomb
limit mFn, where m is the friction coefficient. If the tangential
force Ft exceeds the Coulomb limit, the x , y , and z compo-
nents of Ft are scaled such that uFtu 5 mFn. The torques on
each floe are calculated from the forces and moment arms. The
water drag force Fd on a floe is given by

Fd 5 2
1
2
CdrwAV uV u (3)

where Cd is the drag coefficient, rw is the water density, and
A 5 p(R1 1 R2)2 is the floe area. The drag force is separated
into components normal and tangential to the flat surface of a
floe. The drag coefficient Cd, based on floe area, is 1.17 for flow
normal to the flat surface and 0.1 for flow tangential to the flat
surface [White, 1979]. Rotational drag Md on a floe is given by

Md 5 2
1
2
CdrwAv uv u (4)

where v is the rotational velocity. The rotational drag coeffi-
cient used in the simulations was 0.5. The water drag was
applied only to the underwater floes that were in an exposed
position. Floes in the interior of a moving mass of floes felt no
drag. The buoyant force and its moment on each floe were also
calculated. More complicated hydrodynamic effects, such as
lift and added mass, were not modeled. In the simulations,
water drag accounted for ;10% of the total energy expended.

After the sum of the forces and torques exerted on each floe
has been calculated, the equations of motion for each floe are

solved and time is advanced. The translational equations of
motion use simple central difference approximations. Changes
in the angular velocities and orientation of the floes are much
more complicated to calculate. We use a method developed by
Walton and Braun [1993]. Euler’s equations of motion for the
time derivatives of the angular velocities in the principal body
frame are solved using a predictor-corrector algorithm. Floe
orientations are specified by four parameters called quater-
nions [Evans and Murad, 1977]. The updated quaternions are
found by solving central-difference equations for the time de-
rivatives of the quaternions, expressed in terms of the quater-
nions themselves and the angular velocities.

In each simulation the change in kinetic and potential en-
ergy of the floes, the energy dissipated by inelastic frictional
contacts and water drag, and the work done by the pusher are
calculated at each time step. Inelastic and frictional dissipation
are determined by computing the work performed by the nor-
mal and tangential components of each contact force. These
calculations are described by Hopkins [1994]. The energy bal-
ance is used to gauge numerical accuracy. In the simulations
described in section 3, the error in the energy balance was
,2%.

3. Model Experiments: Compression of Circular
Ice Floes

A uniform sheet of model ice was grown in the 40 m 3 40 m
ice basin at the Ship Laboratory at the Helsinki University of
Technology. Three 6 m 3 20 m rectangular channels were
defined by kerfs cut around their perimeters, as shown in
Figure 3. Thirty percent of the ice in each channel was dis-
carded. The remaining 70% was cut into identical floes, 400
mm in diameter. The floes were cut in close-packed hexagonal
configuration. The triangular, interstitial pieces, roughly 10%

Figure 3. Layout of the model experiments in the Helsinki University of Technology (HUT) ice basin.

15,817HOPKINS AND TUHKURI: COMPRESSION OF FLOATING ICE FIELDS



of the ice area, were retained. The floes were uniformly dis-
tributed over each rectangular channel. The floes in each chan-
nel were confined on three sides by the parent ice sheet and on
the fourth side by a vertical pusher plate attached through load
cells to a movable carriage (Figure 3).

In the experiments the pusher plate moved 17.8 m at a
constant speed. A photograph of an experiment is shown in
Figure 4, looking toward the channel end opposite the pusher.
In the picture, two bands of rafting floes cross the channel.
Amazingly, although ice strength was scaled, most of the floes
survived the experiments intact. Nine experiments were per-
formed with three carriage speeds (15, 33, and 52 mm s21) and
three ice thicknesses (28, 38, and 54 mm). The force on the
pusher plate was measured by the load cells. The results, along
with the results of similar experiments with square floes, are
reported by Tuhkuri and Lensu [1997] and Hansen and Tuhkuri
[1997]. The measured forces showed substantial differences
due to thickness and nominal effects due to speed. The effect
of variations in speed was attributed to the effects of speed on
sliding friction.

Three further experiments were done to measure sliding
friction. In each experiment a 3 m wide and 10 m long sheet of
ice was pushed over a similar freely floating sheet in the lon-
gitudinal direction. The pushing force was measured and con-
verted to an effective friction coefficient. Experiments at
speeds of 16, 36, and 55 mm s21 yielded effective friction
coefficients of 0.33, 0.32, and 0.12, respectively [Tuhkuri and
Lensu, 1997].

4. Comparison of Compression Experiments
and Simulations

A parallel set of simulations were performed with the com-
puter model described in section 3. The configuration of the
simulations was as nearly similar to the model experiments as
possible. There were two notable differences between the sim-
ulations and the experiments. As mentioned above, the exper-
iments included the presence of the small triangular interstitial
pieces that remained from cutting the circular floes in a close-
packed hexagonal arrangement. The triangular pieces added
;10% to the ice volume in the channel. Since it was impossible
for the computer program to model these pieces, extra circular
floes were added to the simulations to bring the total area of
ice up to the 84 m2 of ice in the model tests. The second
difference was that while circular floes cut from the ice sheet in
the model experiments had vertical edges, the floes used in the
simulations had circular edges. After comparing the results of
the simulations and the experiments, it was apparent to us that
the vertical edges impeded rafting. Furthermore, this effect
increased with thickness. To compensate, separate friction co-
efficients were used in the simulations for contacts between
circular edges and for contacts involving a flat surface. The flat
surface friction coefficient ms 5 0.35 was deduced from the
results of the lower speed model experiments described above.
The circular edge friction coefficient me was varied with ice
thickness to approximate the effect of the vertical edges
present in the model experiments. The parameters used in the
simulations are listed in Table 1.

The time step Dt used in the simulations was equal to
0.033p(m/kn)1/ 2, where m is the floe mass. The contact
stiffness kn is used to calculate the normal contact force in (1)
between contacting floes. While the contact stiffness should
ideally be related to Young’s modulus, in a discrete element

simulation, since the time step is inversely proportional to the
square root of kn, a lower stiffness must sometimes be used in
the interest of computational efficiency. At a minimum, the
stiffness coefficient must be sufficiently large to make the over-
laps during contact between neighboring floes negligible. The
maximum contact forces in the present simulations were 25 N,
corresponding to a maximum overlap of ,1 mm using the
value of kn listed in Table 1.

During the simulations the force on the pusher plate was
calculated at each time step. Contacts between the floes and
the edges of the confining ice sheets used the friction coeffi-
cient ms. Forces and profiles obtained in simulations per-
formed at a pusher speed of 10 mm s21 showed no systematic
differences when compared with those obtained at a speed of
50 mm s21. The higher speed was used throughout this study in
the interest of computational efficiency.

A snapshot from a simulation is shown in Figure 5. The
thickened layer of floes moving ahead of the pusher is com-
pressing the intact surface layer of floes on the left-hand side of
Figure 5 causing it to fail in places. The simulation shown in
Figure 5 used 663 floes, its duration was 350 s, and it required
120 min of CPU time on a 300 MHz Pentium II. The forces on
the pusher plate obtained in the model experiments and sim-
ulations with two ice thicknesses are shown in Figure 6. The
results of the model experiments were from tests performed at
33 mm s21 [Hansen and Tuhkuri, 1997]. The force F , displace-
ment X , and channel length L were nondimensionalized in the
following manner:

F* 5 F/r igwhd X* 5 X/d L* 5 L/d (5)

where r iis the ice density, g is the gravitational acceleration, w
is the channel width, h is the floe thickness, and d is the floe
diameter. Displacement was measured at the leading edge of
the pusher shown in Figure 5.

Three distinct regions are evident in the force-displacement
plots in Figure 6. During the first period (X* , 6), the forces
increase as the floes are herded toward the far end of the
channel and the surface concentration of the floes in the chan-
nel increases. Little or no rafting or underturning takes place
in this period. Following the period of initial consolidation,
failure of the surface layer of floes by underturning (Figure 1)
and rafting (Figure 2) begins in the vicinity of the pusher plate.
The magnitude of the pusher force at his point (X* ' 6)
represents the strength of the consolidated surface layer of
horizontal floes. With continued compression the failure zone
spreads gradually toward the other end of the channel. This
progression is shown in the series of five snapshots in Figure 7,
looking edge on at the channel. No systematic lateral variation
in thickness was evident in the simulation results. As the failure
zone progresses from the area in front of the pusher toward the
channel end, the force exhibits a slow, apparently linear in-
crease. The thickness of the failure region is greatest at the
pusher and decreases in the direction of the opposite end.
When all of the ice in the initial surface layer has failed, the
channel surface resembles a rubble field. Further movement of
the pusher plate causes the rubble to thicken. This coincides
with the rapid increase of the forces shown in Figure 6 when
X* . 35.

The first period (X* , 6 in Figure 6) can be called the
consolidation phase. At the end of the consolidation phase the
floes are packed together in a single layer on the surface at an
average concentration of 79% by area. For comparison the
highest concentration attainable in two-dimensions, a close-

HOPKINS AND TUHKURI: COMPRESSION OF FLOATING ICE FIELDS15,818



Figure 4. Experiment with 28 mm thick ice. At the top is the end of the channel opposite the pusher. Two
bands of rafting floes cross the channel.

15,819HOPKINS AND TUHKURI: COMPRESSION OF FLOATING ICE FIELDS



packed hexagonal arrangement, has an areal concentration of
90.6%. The longitudinal force during consolidation arises from
the inertia of the accelerating floes, increasing both water drag
as more floes are set in motion and frictional contact with the
channel edges.

The second period (6 , X* ,35 in Figure 6) is character-
ized by progressive failure of the consolidated ice cover, which
spreads from the region in front of the pusher toward the
opposite end of the channel. During failure the floes, which
initially float horizontally at the water surface, underturn (Fig-
ure 1) and raft (Figure 2). The end result is a disordered layer
of floes with a distribution of orientations. The second period
is thus akin to a phase change from an initial ordered state of
uniform orientation to a disordered state, in which floe orien-
tations are more random. The longitudinal force during the
second period is caused by the resistance of the surface layer of
floes to underturning and rafting and to frictional contact with
the channel edges.

The third period (X* . 35 in Figure 6) begins when the
entire initial surface layer of floes has failed. During the third
period, compression of the floes causes the layer of rubble to
thicken. The longitudinal force during the third period is
caused by the resistance of the rubble layer of floes to further
compression and to frictional contact with the channel edges.
If deformation is prolonged, the floes tend to line up vertically
like books on a shelf. Because the computer model does not
include failure mechanisms, such as floe breakage and crush-

ing, the forces soon reach levels that are not realistic for ice
floes. The simulations in this study were terminated well before
this occurred.

During the second period the failure of the surface layer of
floes begins in the vicinity of the pusher plate and spreads
gradually toward the other end of the channel, as shown in
Figure 7. This is because the longitudinal force in the layer of
floes is highest at the pusher and decreases steadily toward the
far end of the channel. The longitudinal force, as a function of
longitudinal channel position, is shown in Figure 8 for six
positions of the pusher plate. The forces shown were obtained
by averaging the results of 10 simulations and smoothing to
further reduce noise. The 10 simulations began with slightly
different initial configurations.

The first plot, with the pusher at X* 5 6.3, corresponds to
the initial failure of the surface layer of floes. Here the longi-
tudinal force at the pusher is 3 times higher than the force at
the far end. The gradient in the longitudinal force is caused by
friction between the floes and the ice sheet on each side of the

Table 1. Parameters Used in the Simulations

Parameter Symbol Value

Channel length, m L 20
Channel width, m w 6
Pusher speed, mm s21 50
Floe thickness, mm h 28, 54
Floe diameter, mm d 400
Ice density, kg m21 r i 900
Water density, kg m21 rw 1000
Normal contact stiffness, kN m21 Kn 50
Flat surface friction ms 0.35
Edge friction ms 0.5 (h 5 28 mm),

0.9 (h 5 54 mm)

Figure 5. Snapshot from a simulation. The large cylinder to the right is the pusher. The distance markings
on the far side of the channel are in meters (channel length L 5 20 m, diameter d 5 400 mm, thickness h 5
54 mm, circular edge friction coefficient me 5 0.9, and flat surface friction coefficient ms 5 0.35).

Figure 6. Comparison of pusher forces measured in simu-
lation (simul) and model experiments. The force and displace-
ment are nondimensional (L* 5 50, d 5 400 mm, h 5 54 mm,
me 5 0.9, and ms 5 0.35).
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channel. All contacts between floes and the sheets at the sides
of the channel used the friction coefficient ms. The frictional
force per unit length on the sides of the channel (the total of
both sides), as a function of longitudinal channel position, is
shown in Figure 9 for the same six positions of the pusher
plate. In general, the frictional force is highest where the ice is
in motion, namely in the ice moving with the pusher. This is

also the point where the rubble accumulation is thickest, as
shown in Figure 7.

5. Further Simulations Exploring the Effects
of Parameter Variations

In this section we use the computer model to perform sim-
ulations to determine the effect on graphs of nondimensional
force versus displacement of variations in the length and width
of the channel, the floe aspect ratio, friction coefficients, and
the distribution of floe diameters.

5.1. Channel Length

As the pusher moves, the length of the rubble region moving
with the pusher grows. This growth continues until the leading
edge of the rubble accumulation reaches the far end of the
channel. When this occurs, the force rises rapidly as shown in
Figure 6 for X* . 35. If the length of the channel is increased,
while keeping initial floe concentration constant, then the rub-
ble accumulation will continue to grow for a longer period
before it reaches the far end. As the rubble accumulation
grows in length, the frictional force on the walls grows, and the
pusher force increases. This has the effect of lengthening the
intermediate period of linear increase of the pusher force
shown in Figure 6. The pusher forces versus displacement for
channels with length L* 5 50, 100, and 200 are shown in
Figure 10. It is apparent from Figure 10 that while the length
of the linear region increases with channel length, its slope
remains approximately the same.

5.2. Channel Width

Longitudinal force is a combination of the longitudinal pres-
sure in the channel and the frictional force on the edges of the
channel. The frictional force is caused by the lateral pressure
on the edges, which is a function of longitudinal pressure. The
effect of edge friction on the longitudinal force will diminish as
channel width increases because although the longitudinal
force grows with channel width, longitudinal pressure and edge
friction remain roughly constant. The effect of channel width
on the longitudinal force is shown in Figure 11. The diminish-
ing effect of edge friction as channel width increases is shown

Figure 7. Sequential snapshots from a simulation. The large
cylinder to the right is the pusher. The radius of the pusher is
1 m. The vertical scale has been doubled (L 5 40 m, d 5 400
mm, h 5 54 mm, me 5 0.9, and ms 5 0.35).

Figure 8. Nondimensional longitudinal force versus nondi-
mensional longitudinal channel position for six different posi-
tions of the pusher plate (L* 5 50, d 5 400 mm, h 5 54
mm, and me 5ms 5 0.35).

Figure 9. Nondimensional frictional force per unit length on
the confining sheets versus nondimensional channel position
for six different positions of the pusher plate (L* 5 50, d 5
400 mm, h 5 54 mm, and me 5ms 5 0.35).
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by the decreasing slope in the central part of the graphs. In the
region between nondimensional displacements of 6 and 30 the
force increases most rapidly in the 3 m wide channel where
edge effects are strongest. In the case where edge friction was
eliminated by substituting periodic boundaries for edge sheets
in a 6 m wide channel, the force hardly increases. Periodic
boundaries are routinely used in discrete element simulations
to eliminate solid boundaries [see, e.g., Hopkins and Louge,
1991]. In the absence of edge sheets the floes on the right
boundary interact with the periodic image of the floes on the
left boundary and vice versa.

In the channel with periodic boundaries the absence of edge
friction causes the average pressure in the floe field to be
uniform in the longitudinal direction. Because of this the floe
field is no longer forced to fail in the vicinity of the pusher but
is equally likely to fail anywhere in the channel. Furthermore,
since the uniform longitudinal pressure in the channel is lim-
ited by the strength of the intact surface layer, the pusher force

remains roughly constant until the intact surface layer is en-
tirely consumed. This is shown in Figure 12, which compares
simulations of two channels with length L* 5 50 and 200.

5.3. Floe Aspect Ratio

The effect of varying the aspect ratio of the floes d/h is
shown in Figure 13. In the simulations, floe diameter was held
constant while the thickness was varied. In the central part of
the force plots the pusher force varies inversely with the aspect
ratio. That is, the thicker floes with lower aspect ratios engen-
der higher forces than the thinner floes. The comparison is
complicated by floe volume in the channel being proportional
to the floe thickness. However, the expected increase in force
due to the increase in floe volume is diminished, if not re-
moved, when the force is divided by floe thickness in its non-
dimensionalization. The remaining effect of the aspect ratio is
the result of a strengthening of the surface layer of horizontal
floes because of increased thickness. This effect is visible at the

Figure 10. Nondimensional pusher force versus nondimen-
sional pusher displacement for channel lengths L* 5 50,
100,and 200 (channel width w 56 m, h 5 28 mm, me 5 0.5,
and ms 5 0.35).

Figure 11. Nondimensional pusher force versus nondi-
mensional pusher displacement for channel widths w 5 3 m,
6 m, and periodic (L* 5 50, h 5 28 mm, and me 5 ms 5
0.35).

Figure 12. Nondimensional pusher force versus nondimen-
sional pusher displacement for channel lengths L* 5 50 and
200 with periodic lateral boundaries (w 5 6 m, h 5 54 mm,
and me 5 ms 5 0.35).

Figure 13. Nondimensional pusher force versus nondimen-
sional pusher displacement for five values of the aspect ratio
d/h (L* 5 50, d 5 400 mm, w 5 6 m, and me 5 ms 5
0.35).
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initial onset of failure at a nondimensional displacement of 10
in Figure 13.

The change in the strength of the surface layer is caused by
the effect of the floe aspect ratio on the dynamics of the failure
process. The surface layer of horizontal floes fails by under-
turning (Figure 1) and by rafting (Figure 2). Floes that under-
turn rotate, while floes that raft remain approximately hori-
zontal. The amount of rotation that the floes undergo is
indicated by the inclination of the floe normal vector to the
horizontal plane. The probability density function of the incli-
nation angle is plotted in Figure 14 for the same five values of
the aspect ratio d/h used in Figure 13 at a displacement X* 5
32.5. Figure 14 shows that thin floes with large aspect ratios
tend to raft (remaining horizontal), while thick floes with small
aspect ratios tend to rotate. It is reasonable to conclude from
Figures 13 and 14 that underturning requires higher forces
than rafting.

5.4. Friction Between Floes

The effect of varying the friction coefficients is shown in
Figure 15. Both the edge and surface friction coefficient were
set to the indicated value. Not surprisingly, the pusher force
increased with the friction coefficient.

5.5. Distribution of Floe Diameters

Each of the simulations discussed in sections 4 and 5 used a
single floe diameter. In Figure 16 we show the results of a
simulation with a distribution of floe diameters. The floe di-
ameters were chosen according to a floe length to thickness
distribution from Keinonen and Nyman [1978] on the basis of
measurements of ice blocks in Baltic pressure ridges. The dis-
tribution is shown in Table 2.

These results are compared in Figure 16 with the results of
a simulation using a single floe diameter. The average floe
diameter ^d& and other relevant parameters were the same in
both simulations. The use of a distribution of floe diameters
had no discernible effect on the results. Figure 16 also shows
the smoothed results of a simulation using the two-dimensional
polygonal DEM from Hopkins et al. [1991]. The two-
dimensional simulation used the same length to thickness dis-
tribution and parameters as the three-dimensional simulation.

Figure 15. Nondimensional pusher force versus nondimen-
sional pusher displacement for four values of the friction co-
efficients me and ms (L* 5 50, h 5 54 mm, and w 5 6 m).

Figure 16. Nondimensional pusher force versus nondimen-
sional pusher displacement from a simulation using uniform
floe diameters and a simulation using the diameter to thickness
distribution given in Table 2 (L* 5 155, h 5 54 mm, average
floe diameter ^d& 5 193 mm, w 5 1.5 m with periodic
boundaries). The dashed line shows the results of a two-
dimensional simulation using the polygonal discrete element
model of Hopkins et al. [1991] with a similar set of parameters.

Figure 14. Probability density of the angle between the disk
normal vectors and the horizontal plane for five values of the
aspect ratio d/h at X* 5 32.5 (L* 5 50, d 5 400 mm, w 5
6 m, and me 5 ms 5 0.35).

Table 2. Floe Diameter to Thickness Distribution

Floe Diameter
d/h

Thickness Distribution
F(d/h)

1.75 0.02
2.25 0.09
2.75 0.26
3.25 0.48
3.75 0.73
4.25 0.86
4.75 0.94
5.25 0.97
5.75 1.0
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The volume of ice used in the two-dimensional simulation was
the same as the ice volume per meter of channel width used in
both three-dimensional simulations. The channel length and
the amount of open water were also the same. However, be-
cause the floes in the two-dimensional simulation are rectan-
gular, all of the open water in the channel must be closed
before the floes reach the consolidated state, lengthening the
consolidation phase. This is evident in Figure 16 where the
consolidate state is reached at X* 5 25 in the three-
dimensional simulation and X* 5 45 in the two-dimensional
simulation. The forces during the compression phase are
;50% higher in the two-dimensional simulation. Interestingly,
the total work, which is not shown, is virtually the same in all
three simulations.

6. Mohr-Coulomb Behavior
We have divided the deformation of a floating ice field into

three phases: (1) consolidation, (2) deformation of the consol-
idated surface layer by underturning and rafting, and (3) con-
tinued deformation of the jumbled field of floes created during
the second phase. In section 5 we have concentrated on the
effects of parameter variations and boundary conditions on the
forces during the second phase. The third phase of deforma-
tion is equally important in geophysical problems such as river
ice jams and thickening of broken ice fields.

The traditional approach used in modeling the compression
of an accumulation of ice floes is based on the assumption that
the floes behave as a Mohr-Coulomb material [Pariset et al.,
1966; Uzuner and Kennedy, 1976]. This approach leads to the
well-known equation for the force required to compress a
floating layer of ice floes [Uzuner and Kennedy, 1976]

F 5 gKpH2 (6)

where H is the thickness of the layer. The constant g and the
passive pressure coefficient Kp in (6) are given by

g 5
1
2
~1 2 n!r ig~1 2 r i/rw! Kp 5

1 1 sin f

1 2 sin f
(7)

where n is the porosity of the layer of floes and f is the angle
of shearing resistance. Thus a log-log graph of force versus ice
layer thickness should have a slope of 2 if the ice layer deforms
as a Mohr-Coulomb material.

In Figure 17 we show the results of a simulation of long
duration. The diameters of the floes in the simulation were
chosen according to the distribution given in Table 2. In Figure
17 the nondimensional pusher force versus the nondimen-
sional layer thickness H*, equal to H/h , is plotted on a log-log
scale. The layer thickness H was determined by simulating the
lowering of a probe from above and raising of a probe from
beneath the layer of floes until the probes contacted the upper
and lower surfaces of the layer. This was repeated at 1000
random locations in the floe field. The graph of force versus
thickness begins at the end of the consolidation phase where
the floes are floating in a single layer. The break in the slope of
the graph at H* '2.5 occurs at the end of the second phase
of deformation. Following the break, the graph follows the
dashed line, whose slope is 2. This implies that the pusher force
is proportional to the square of the layer thickness and that the
layer of ice floes does indeed behave as a Mohr-Coulomb
material. Fitting (6) to the data using a least squares regression
yields a value of 3179 for the product g Kp. The porosity of the

layer of floes asymptotically approached a value between 0.35
and 0.4 at the end of the simulation. This implies a value of Kp

between 10.2 and 11, which is in the range of values (9.6–12)
used by Beltaos [1993] in modeling ice jams in Canadian rivers.

The average aspect ratio of the floes in the simulation dis-
cussed above was 3.56. In long-duration simulations with uni-
form diameter floes having average aspect ratios of 7.4 and
14.8, the floes tended to form stacks like books on a shelf
during the third stage of deformation. These strong, noniso-
tropic floe arrangements led to a very rapid and unrealistic
increase in the forces and a catastrophic failure mode that
violates the Mohr-Coulomb assumption of an isotropic mate-
rial in a state of uniform and continuous failure. The current
computer model is unsuitable for modeling this type of defor-
mation because it lacks failure mechanisms for floe breakage
and crushing. In short, the applicability of Mohr-Coulomb
failure theory to an assembly of ice floes depends on the floe
aspect ratio and needs to be further explored.

7. Conclusions
The compression of circular ice floes in a rectangular chan-

nel has been studied using computer simulations. The simula-
tions began with a single layer of circular floes floating hori-
zontally at the water surface in a rectangular channel. The floes
were compressed by a pusher plate moving at a constant speed.
We divided deformation into three phases: (1) consolidation,
(2) deformation of the consolidated surface layer by under-
turning and rafting, and (3) continued deformation of the
jumbled field of floes created during the second phase. The
accuracy of the simulations was verified by directly comparing
force versus displacement curves from the simulations with the
results of similar model experiments performed in a refriger-
ated basin at the Ship Laboratory of the Helsinki University of
Technology. The dimensions and parameters used in the sim-
ulations were measured from the model experiments. Further

Figure 17. Nondimensional pusher force versus nondimen-
sional rubble layer thickness H* for floes with diameter to
thickness distribution given in Table 2 (L* 5 313.5, h 5 54
mm, ^d& 5 193 mm, and w 5 1.5 m with periodic boundaries.
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simulations were performed to determine the effects of varying
parameters and boundary conditions on the force versus dis-
placement curves.

Two general factors were found to determine the force levels
in the second phase of deformation. The first is the compres-
sive strength of the surface layer of floes. The surface layer of
floes fails either by rafting, by underturning, or by a combina-
tion of the two. The tendency to favor one mechanism over the
other is affected by the aspect ratio of the disks and the friction
coefficient between the disks. Thick or rough disks tend to
underturn, while thin or smooth disks tend to raft. The simu-
lations showed that a low aspect ratio or a high friction coef-
ficient, which favored underturning over rafting, strengthened
the surface layer and led to higher forces. The second factor is
the boundary condition imposed by the lateral confinement of
the floes by the sheets on each side of the channel. The fric-
tional force at the channel edges creates a gradient in the
longitudinal force transmitted through the floe field with the
greatest forces occurring at the pusher. The gradient causes
initial failure to occur in the vicinity of the pusher. The rubble
in front of the pusher thickens progressively as the leading
edge of the failure zone propagates toward the opposite end of
the channel. This progressive thickening results in an appar-
ently linear increase in the force versus displacement graphs.
The effects of lateral confinement diminish with increasing
channel width. In channels without edge friction (modeled
using periodic boundaries), failure occurs sporadically
throughout the channel. In this case, forces remain roughly
constant until the entire initial surface layer of floes has failed.
In both cases the force rises steeply when the failure zone
reaches the end of the channel. The effect of the frictional
force at the channel edges on the longitudinal force gradient
shares similarities with viscous drag forces in geophysical prob-
lems such as water flowing beneath a river ice accumulation or
an onshore wind pushing an ice field against stationary ice. In
these cases the initial failure and the thickest ice accumulation
would occur at the downstream or downwind end of the accu-
mulation.

Finally, we performed several long-duration simulations to
determine whether or not the floating layer of circular ice floes
behaved like a Mohr-Coulomb material during the third phase
of deformation. This was found to depend on the aspect ratio
of the floes, with low aspect ratio floes behaving like a Mohr-
Coulomb material, while high aspect ratio floes tended to stack
like books on a shelf. This strong, nonisotropic floe arrange-
ment led to a very rapid and unrealistic increase in the forces
and a catastrophic failure mode that violates the Mohr-
Coulomb assumption of an isotropic material in a state of
uniform and continuous failure.
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